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Abstract—Numerical resuits of heat transfer rates and flow fields in a vertical annulus with longitudinal
fins for various parameters [Rayleigh number (10° < Ra < 10°), radius ratio (1 < x < 5), fin ratio
0.25 < FR £ 0.75, number of fins, and fin thickness angle (6 = 2° or 6°)] have been obtained. Placing fins
of fin ratio 0.5 and fin thickness angle 6° on the inner cylinder of an annulus with radius ratio 2 increases
the heat transfer by as much as 70%. For fixed Rayleigh number, radius ratio, aspect ratio, fin ratio and
fin thickness angle, the heat transfer rate is maximum for a specific number of fins. The heat transfer rates
increase as the fin ratio and radius ratio increase. In addition, the heat transfer rates decrease if the aspect
ratio and the fin thickness angle increase. The maximum Nusselt number and optimum number of fins
have been obtained as functions of various parameters. Heat transfer correlations have been provided in
the range of the parameters considered. © 1997 Elsevier Science Ltd.

INTRODUCTION

Spent nuclear fuel is usually stored in casks that have
inner and outer metallic shells. The shells are sealed
at the top and bottom. The radioactivity of the spent
nuclear fuel in the inner cylinder causes heating of the
inner surface of the cask. The maximum amount of
spent fuel that can be stored in the cask depends
on the effectiveness of heat removal from the inner
surface, and the design and properties of the cask
material itself. The dominant mode of heat removal
from the inner surface to the outer surface is natural
convection of air in the cask. Heat transfer is con-
siderably enhanced by having longitudinal fins on the
inner surface. Therefore, for the efficient design of
these casks with longitudinal fins, the determination
of the heat transfer coefficients and flow pattern is
necessary. The complexity of the geometry requires a
three-dimensional analysis of both the flow and the
heat transfer. The aspect ratio (height/annular gap
width) of the cask is typically 2.5, with an inner radius
of 1 in. The temperature difference between the inner
and the outer cylinder is around 100 K. The Rayleigh
number is of the order of 10%. Therefore, the flow
in the cask is likely to be turbulent. However, the
benchmark laminar solution for finned annuli has not
been established, and the current work attempts to do
so.

In general, the literature on finned enclosures deals
with square cavities, and not cylindrical annuli. Star-
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ner and McManus [1] experimentally investigated free
convection heat transfer from a rectangular fin array.
They studied the effects of orientation of the base
plate, fin height, and fin spacing on the average heat
transfer coefficients. The experiments with vertical fin
arrays produced heat transfer results which fell 1-
30% below those of similarly spaced parallel plates
reported by Elenbaas [2]. Fitzroy [3] obtained a cor-
relation for optimum spacing of a set of vertical fins,
and showed that the optimum spacing decreased as
the temperature difference between the surface and
the ambient air increased.

Heat transfer results have indicated that the fin
thickness could not be neglected in optimizing the
total array heat transfer, as it influences both the
efficiency of individual fins and the number of fins
(Bar-Cohen [4], Tanaka et al. [5], and Tolpadi and
Kuehn [6]). In this group of researchers, Tolpadi and
Kuehn’s [6] work involved a horizontal heated cyl-
inder with a conducting _transverse circular fin array.
Karki and Patankar [7] did a numerical study of lami-
nar natural convection in a vertical shrouded fin array,
in which the flow is induced from surroundings by
the chimney effect. Scozia and Frederick [8) obtained
numerical solutions in a differentially heated slender
cavity with transverse conduction fins on the cold
wall.

Many studies have been done for different types of
fin arrays, but, to the knowledge of the present author,
no experimental or numerical investigation has been
made to determine the effect of longitudinal fin arrays
in a vertical annulus or cavity. The current paper
focuses on the annular space enclosed between two
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k thermal conductivity ratio (k./k,)
L annulus gap width [m]

L, fin width [m}

n number of fins

Nu  local Nusselt number (01t/0R)

Nu;  average Nusselt number for inner

__ cylinder [(Q/ATA)(L/k,))

Nu, average Nusselt number for outer

__ cylinder [(Q/ATA)(L/k,)]

Nu,,, maximum Ny at optimum number of

fins
non-dimensional pressure [p’/(pa?/L%)]
Pr Prandtl number
[4) heat transfer rate [W m™2
r radial coordinate [m}
R radial co-ordinate non-
dimensionalized by L
R*  (R—R)/(R,—R)
Ra  Rayleigh number [(gBATL?)/va}
T temperature [°C]

NOMENCLATURE
A aspect ratio (H/L) 14 non-dimensional velocity
FR  fin ratio [fin width/gap width VA non-dimensional vertical coordinate.
(Ly/L)]
H height of annulus [m] Greek symbols
k, thermal conductivity of air o thermal diffusivity [m?s™!)
k, thermal conductivity of fin material r diffusion coefficient in the discretized

equation
1/2 (fin thickness angle)
azimuthal co-ordinate
angle between the centers of two
adjacent fins

et Optimum angle between fins for
maximum heat transfer
radius ratio (R,/R;)
kinematic viscosity [m? s~}
density [kg m™?]
non-dimensional temperature
(T—THNTi—T)]
dependent variable in the discretized
equation.

@ @™

Aw e x

©

Subscrlpts superscripts and primes
dimensional quantity

i inner
outer
r reference.

coaxial vertical circular cylinders with longitudinal
fins and horizontal plates at the top and bottom. The
effect of the following parameters on heat transfer and
fluid flow will be investigated : Rayleigh number (Ra),
fin angle (@), radius ratio (x), and aspect ratio (A4).
Selected results have also been obtained for different
fin thickness angles (ds), and fin ratios (FRs).

MATHEMATICAL FORMULATION AND
SOLUTION PROCEDURE

The governing equations for the laminar motion of
a Newtonian fluid are derived from the conservation
laws of mass, momentum and energy. The flow is
assumed to be steady. The Boussinesq approximation
is used, i.e. the density is treated as a constant for all
terms except the buoyancy term of the momentum
equation in the vertical (Z) direction. The density
difference term is rewritten as a function of the tem-
perature only, given by (p—p,) = —p.8(T— T;) where
B is the coefficient of volumetric expansion, and T is
the temperature. The heat transfer is predominantly
in the radial direction from the inner cylinder to the

outer cylinder: therefore, the length scale is taken to
be the gap width (L). The three velocity components
are normalized by «/L, and the pressure by po?/L2
The non-dimensional governing equations are given
as follows:

Continuity :
RaR(RVR)+IIQaaB(RV9)+aV =0 a
R-momentum:
W VodVa Vi
®oR T R 00
+157 = P R R RV

2 0V,

o*Vy| oP
TR ] @

0z> | R
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Boundary conditions

The flow domain is enclosed in the annular space
between two coaxial vertical circular cylinders with
longitudinal fins, and sealed top and bottom plates
[Fig. 1]. The computational domain consists of a
wedge, with both edges running through the middle

of the fins in the 8-direction, the inner and the outer

cylinder in the R-direction, and the top and the bottom
adiabatic walls in the Z-direction. The inner and outer
cylinders are maintained at constant temperatures (T}
and T, respectively), with T; > T,. Symmetry bound-
ary conditions are imposed on the edges running
through the middle of the fins. No slip boundary con-
ditions are used for all the solid—fluid interfaces. The
wedge angle is changed when the effect of the number
of fins (n) is of interest. The top view of the com-
putational domain is shown in Fig. 1.

Angular fins are used in the present model. The
thickness of the fin increases in the radial direction.
Usually, in practical applications, straight and parallel
fins are used. The present model is good for short and
thin fins representing straight fins. The normalized
boundary conditions are

Ve 0V 0t

30 " 06 ~a6 "
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Z=0 and Z=4:

ot
Vo=Va=Vz=0; =0 G
R=%: Vo=Ve=V;=0; t=1 (8)
R=%: Vo=Ve=Vyz=0; 1=0. (9

Heat transfer results are the average values of the
Nusselt number and the local value of the Nusselt
number for each wall. The Nusselt number
expressions are

_ 1 2n—2né *4 6‘r
Mokl . R4

k 2nd Aa.L.
+2nRiAJ Lﬁ(RidedZ) (10)

0

Nug =—— | [* (R, a0d20 (D)
“o=2aR 4], |, 3R\

where k is the ratio of the thermal conductivity of the
fin material to that of air.

Numerical procedure

The governing equations were solved by using a
computer code, PHOENICS, based on a control vol-
ume formulation [9]. The governing differential equa-
tions are integrated over the control volume sur-
rounding a grid point. Piecewise profiles expressing
the variation of the dependent variable (¢) between
the grid points are used to evaluate the required inte-
grals from the governing differential equations. PHO-
ENICS provides solutions to a discretized version of
the set of differential equations having the general
form

LR+ GVS-T VB =S, ()
The dependent variable (¢) stands for the tempera-
ture, velocity component, etc. Depending on these
variables, an appropriate property will be assigned to
the diffusion coefficient (I',), and the source term (Sj).
No slip velocity boundary condition at the solid—fluid
interface and constant temperatures on the inner and
outer cylinders are implemented through the source
term (S,;) in PHOENICS. Since there are no grid
points on the boundary of the computational domain,
the finite-difference equations are modified for those
cells that have cell faces adjoining the boundaries of
the computation domain. The interface between the
solid and the fluid is treated like any other interface
between two control volumes, with only the value of
I', changing at the interface.

Under-relaxation is done as suggested by Patankar
[9] and Van Doormaal {10]. All computations were
made on a Sun Workstation Sparc 1. Convergence
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V9=VR=VZ=O; T=0

(b}

Circular outer cylinder

hL

Fig. 1. (a) Top view of the computational domain; (b) flow geometry of the finned annulus.

criteria were set to ensure converged results for the
mass and energy balances. For the mass balance, a
solution was assumed to converge if the maximum
mass imbalance was less than 0.01%. For the energy
balance, iterations were continued until the maximum
change in temperature at any node as a fraction of the
maximum temperature in the domain was less than
0.1%. In addition, residuals of all variables were set
to a typical value of 10~°. Typically, 400-600 iter-
ations were needed to get a converged solution. For
higher Rayleigh numbers, twice as many iterations
were needed to obtain convergence. A thorough study
of grid-independent solutions was done. The number

of grid points used was 26 x28 x 72 (Rx 8x Z) for
most of the cases. Selectively, a coarser grid of
26 x8x20 was used for § = 12° and 4 = 1. When
this coarse grid was tested against the finer grid, heat
transfer results varied by less than 1%. Finer grids
than 26 x 28 x 72 were tested for high aspect ratio
cases, but the change in the results was insignificant.
For the same geometric parameters, the converged
solution obtained from lower Rayleigh numbers was
used as the starting condition to run cases for higher
Rayleigh numbers.. The results also compared fav-
orably with some benchmark results, as discussed in
the next section.
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Table 1. Comparison of N, for vertical cavity and annulus

Nu; Ny,
(carrent (refs.
Ra K study) [11,12]) % difference
1x10% 1 2.256 2,242 0.62
1x10° 1 4.526 4.523 0.07
1x10 2 1.600 1.572 1.75
1x10* 2 3.105 3.305 6.10
1x10° 2 6.107 6.268 2.60
2% 10° 2 7.464 7.600 1.80
1x10° 5 2.681 2.550 4.90

Table 2. Comparison of N, for annulus

Ny; Mi
Ra x  (current study) (ref. [12]) % difference
1x10* 1.33 1.451 1.421 2.09
4x10* 1.33 2.206 2.09 5.26
1x10° 1.33 2.857 2.696 5.62

RESULTS AND DISCUSSION

Natural convection of air is studied numerically in
a vertical annulus with longitudinal fins. The inner
wall is maintained at a constant temperature (T}), and
the outer wall at a constant but lower temperature
(T,). The effects of k, A, Ra, 6 and number of fins on
the inner cylinder on the heat transfer and fluid flow
results are discussed in this section.

Validation of numerical results

The numerical model was validated by comparing
different limited cases with available results in the
literature. The model was used to validate results for
natural convection in a vertical cavity. The overall
local Nusselt numbers and maximum velocity values
were compared with the benchmark solution of de
Vahl Davis [11] for a vertical square cavity, and of
Kumar and Kalam {12] for vertical annuli. Nusselt
numbers are in very good agreement, as shown in
Table 1. A k of 1 indicates a square cavity. For a § of
6° and an FR of 0.5, two-dimensional heat transfer
results can be obtained by considering no fins or 30
fins (@) = 12°. Flow in the annulus with no fins would
give results for a k of 2. Flow in the annulus with 30
fins, FR = 0.5 and 6 = 6° would give results for a ¥ of
1.33. Results obtained for ¥ = 2 and no fins are given
in Table 1. Results for « = 1.33 and 30 fins are given
in Table 2. These results were generated because no
experimental results for finned annuli were available
for comparison.

Velocity field

Velocity vectors for Ra = 10%, 10° and 10%, ® = 30°
and ¥ = 1.2 are shown in Fig. 2. For clarity, some of
the velocity vectors are removed from Fig. 2. For
Ra = 10°, there is only one cell because of lower con-
vective activity between the fins. In between the fins
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Fig. 2. Velocity vectors at 6/@ = 0.5 for @ = 30°, k = 1.2,
FR=05,0=6°and 4 = 1.
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6/©=0.32

100.0

——

08/0=0.23

0/0=0.5

Fig. 3. Velocity vectors at different circumferential locations for Ra = 10°, ® = 30°, k = 1.2, FR = 0.5,
A=1and d = 6°.

(i.e. 6/© = 0.5), as Ra is increased, two cells begin to
appear, and, at 10% two counter-rotating cells can be
clearly seen. In Fig. 3, formation of the cell at different
circumferential locations is shown for Ra = 10°. The
two cells that appear at the central location merge
into a single cell closer to the fin.

Vertical, radial and circumferential velocity profiles
for the case of ® =30°, k=12, FR=0.5 and
Ra = 10° are given in Fig. 4. As expected, the vertical
velocities close to the cylinder walls are dominant
at the central circumferential locations [Fig. 4(a)
and (b)]. In the mid-portion of the cylinder
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(b) /8 =0.5

100
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Q 0.2 0.4 0.6 0.8 1.0

R*

C) R* = 0.21

80

0 0.2 0.4 0.6 0.8 1.0
6/0

Fig. 4. Velocity distributionat Z=0.5for ® = 30°,k = 1.2, FR=0.5,0 = 6°,and 4 = 1.

(0.3 < R < 0.7), the axial velocity is nearly zero. The
flatness of the V,-profile, and the small and nearly
anti-symmetric radial and tangential velocity profiles,
indicate that secondary cells are being formed. The
Vgprofile shows flow symmetry about the vertical
plane passing through 6/@ = 0.5. This symmetry was
seen for all Ras considered for x = 1.2. Figure 4(d)
shows the vertical velocity symmetry about the
azimuthal direction. For Ra = 10°, Fig. 5 shows the
curvature effect of the flow field. As the diameter ratio
is increased from 1.2 to 5.0, secondary circulation
disappears; only one cell is present, and the center of
rotation moves slightly towards the outer cylinder.

Effect of the number of fins

The number of fins (n) on the inner cylinder can be
optimized to achieve maximum heat transfer. As @ is
increased (or, alternatively, as nis decreased), the total
surface area on the inner cylinder decreases, and the
temperature gradient increases. Because of these
opposing effects, there exists an optimum fin angle
(O, for maximum heat transfer. The effect of inter-
action between the fins on the circumferential tem-
perature profile can be seen in Fig. 6. The profiles are
given at three radial locations (between the fins, close
to the tips, and close to the outer cylinder) and three
vertical locations. As @ is decreased, the temperature

profiles flatten due to a strong thermal interaction
between the fins and the restricted flow. At R = 0.28,
Z =0.25,0.5and 0.75, the temperature gradient at the
fin surface decreases in the circumferential direction as
© decreases. For ® = 15°, heat transfer from the fin
surface is insignificant. This effect is seen at R = 0.28
and 0.5.. At R = 0.71, the temperature profile in the
circumferential direction is more or less uniform for
all ®, dye to the absence of a solid surface.

Figure 7 gives the heat transfer on the inner cylinder
as a function of © for two different Ra and two differ-
ent ds. The @, for 6 = 6° decreases from 30 to 24°
when Ra is increased from 10° to 10°. The reason may
be given as follows. As Ra is increased for the same
O, the flow becomes more buoyant between the fins.
This increases the fluid velocity, reducing the thermal
interaction between the fins in the circumferential
direction. This, in turn, increases the temperature
gradient. Therefore, the fins can be brought closer
(i.e. ©® can be decreased), without reducing the heat
transfer until the thermal interaction between the fins
becomes appreciable enough to decrease the tem-
perature gradient. For example, by decreasing © to
24° (i.e. by increasing n), the total surface area is
increased, thereby optimizing the heat transferred.
Therefote, as Ra increases, @, decreases.

It is also seen from Fig. 7 that, as J§ is decreased
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from 6° to 2°, maximum heat transfer is achieved (by
8% for Ra = 10°) by increasing the number of fins,
i.e. ®,, decreases when d is decreased. For ® < @,
Nu; increases as d is decreased from 6 to 2° for a given
©. beyond ®,,,,, the opposite effect is seen.

The observations from Fig. 7 may be summarized
as follows: when the fin thickness is reduced, with
more fins on the inner cylinder, further enhancement
of heat transfer is achieved. By merely decreasing 4,
one cannot obtain a high heat transfer for the same
number of fins. This mechanism can be explained and
further corroborated using radial temperature profiles
at different circumferential location given in Fig. 8.
The temperature gradient is higher at the fin tip sur-
face than at the surface of the inner cylinder. The fluid
enclosed between the fins and the inner cylinder is at
a higher temperature than the fluid near the fin tip.
Therefore, the fluid near the fin tip is at a higher
temperature gradient, increasing the effective local
heat transfer rate. Any reduction in the fin thickness
would cause a reduction in local heat transfer at the
fin tip. However, the spacing between the fins would
increase for the same @, and this would increase the
local temperature gradient in the circumferential
direction. Thus, a decrease in & causes a decrease in
heat transfer at the fin tip, and an increase elsewhere
on the fin surface. The overall heat transfer (Nu;) will
increase or decrease depending on @. In external flows
with circular fin arrays, Tolpadi and Kuehn [6] found
that the heat transfer increases as the fin thickness

decreases.

Effect of length of fin

An increase in the width of the fin increases the heat
transfer from the inner cylinder, because a greater
surface area is available for heat transfer from the
fins. As shown in Fig. 9, Nu,,, increases as FR is
increased. The optimum angle for maximum local
heat transfer (®,,) increases very slightly as FR
increases, but the increase in Nu,,,, is appreciable when
FR is increased from 0.25 to 0.5. Both quantities are
linear functions of Ra. An FR of 0.5 has been chosen
for the remainder of the cases considered to explore
the effects of differential geometrical parameters.

Effect of radius ratio

As kis increased for the same FR, total heat transfer
from the inner cylinder increases because a greater
surface area is available. The variation of Ny, with x
for different Ra at ® = 30° is shown in Fig. 10. By
decreasing the temperature gradient and increasing
the surface area, ©,, can be increased for the same
Ra, éand 4. The increase in ©,,, and Ny, for various
s and their linear variation with Ra on a logarithmic
scale are shown in Fig. 11. In Fig. 11, the results for
k =1 and x = 2 can be compared directly since the
ratio of fin width to gap width is the same. Direct
comparisons of k = 1 and «s other than 2 may not be
made. Nu..., increases with Ra, and, at Ra = 107, it
increases by almost 50% when x is increased from 1
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Fig. 6. Circumferential temperature profiles, showing the interactions between the fins for different fin
angles: Ra =10,k =2,56 =6° 4 =1and FR = 0.5.

to 2; keeping all other parameters constant. For a  Effect of aspect ratio

given k, @,, decreases with Ra, and, when x is The thermal boundary layer thickness on the inner
increased, @, also increases. Comparing k = 1 and  cylinder increases in the vertical direction, thereby
k = 2 again, the results show that @, is higher for decreasing the temperature gradient. Therefore, Nu
k = 1 atall Ra. decreases in the increasing vertical direction. As 4
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Fig. 7. Nu, for different ®s in the convection regime: x = 2, FR=0.5and 4 = 1.
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Fig. 8. Temperature profiles at different circumferential locations: Z = 0.5 for Ra = 10°, ® = 60°, k = 2,
FR=05,=6°and 4 = 1.

increases, the average Nusselt number should also
decrease. The variation of @, and Nuy,,, with Ra is
shown in Fig. 12. Nu,,, decreases with increasing 4.
If A is reduced from 5 to 1, Nu,,, increases by 35%
at Ra = 10°. Since the average temperature gradient
decreases with increasing 4, @, increases as shown
in Fig. 12. Although @, varies between A4 values of
1 and 2, the magnitude of Nu,,, itself does not change
significantly, especially at lower Ras.

Correlations .
Correlations for the determination of Nu,, and
@, as functions of Ra, 4 and x for § = 6° and

FR = 0.5 are provided. Since the variation of Nu,.,
and @,,, with Ra and is linear in the logarithmic scale,
the general form of the correlations are

(13)
(14)

Nty = c Ra'k™
Oy = c Ra’k’.

From the numerical data obtained, the values of the
constants in equations (13) and (14) are given in Table
3. In the correlation given above, A4 is not included
directly. This is because /, m and r appear to be func-
tions of A. Nearly 200 cases were run for various
geometric parameters and Ras (10* < Ra < 105,
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Table 3. Correlation constants
As C ] m D q r
1 0.109 0.35 0.89 556 —0.115 0.535
2 0.121 0.333 0.882 57.7 —0.115 0.563
5 0.123 0316 0.865 599 —0.115 0.610
1<<s 145 6=6° FR=0.J5). The

maximum and rms error for the Nu,,, correlation are
6 and 0.6%, respectively. The maximum and rms error
for the @,,, correlation are 11 and 2.6%. In a problem
where a number of parameters play an important role,
it is rather difficult to obtain exponents in correlations
as functions of geometrical parameters, as done for
unfinned vertical annuli by Kumar and Kalam [12].
From a practical standpoint, the correlation for 4 = 1
would be more useful since it has been already shown
that Nu,,, is highest for 4 = | among the three A4s
considered. In other words, given a certain amount of
spent nuclear waste to store, it is advisable to use
many short cylinders rather than one long cylinder.

SUMMARY AND CONCLUSIONS

A numerical solution to three-dimensional natural
convective flow in a vertical annulus with longitudinal
fins has been obtained using the code PHOENICS.
The numerical results were validated with available
results in the literature for the case of a vertical annu-
lus without longitudinal fins. Based on the current
results for the finned annuli, the following conclusions
may be made:

(1) The heat transfer rate from the inner cylinder is
found to be maximum for a specific number of
fins. The maximum heat transfer and the optimum
number of fins changes with Ra, x, 4, d and n.

(2) The temperature and velocity fields show a strong
dependence on various geometric parameters. The
colder fluid is confined to a large region near the
base of the annulus, and this region increased in
size as x increased. The center of rotation shifted
towards the outer wall as x increased. The sec-
ondary cells observed in the case of lower k com-
pletely vanish for higher .

(3) Ny, and O, increase with «. By increasing x
from 1 (square cavity) to 5, the maximum heat
transfer rate can be increased significantly.

(4) Heat transfer rates decreased as A4 increased

R. KUMAR

beyond 1. Therefore, shorter cylinders are recom-
mended for waste storage. s

(5) Correlations have been obtained for Nu,,, and
O, as functions of Ra and k. Values of the
exponents are provided for three different As.

It is recommended that modified correlations be
obtained in the future using turbulence models and
variable property effects. Low A cases may present
interesting and useful results as well.
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